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ZARISKI COMPACTNESS OF MINIMAL SPECTRUM
AND FLAT COMPACTNESS OF MAXIMAL
SPECTRUM
ABOLFAZL TARIZADEH
Abstract. In this article, Zariski compactness of the minimal
spectrum and flat compactness of the maximal spectrum are char-
acterized.
1. Introduction
The minimal spectrum of a commutative ring, specially its compact-
ness, has been the main topic of many articles in the literature over the
years and it is still of current interest, see e.g. [1], [2], [4], [5], [6], [7], [9],
[10], [13], [15]. Amongst them, the well-known result of Quentel [13,
Proposition 1] can be considered as one of the most important results
in this context. But his proof, as presented there, is sketchy. In fact, it
is merely a plan of the proof, not the proof itself. In the present article,
i.e. Theorem 4.9 and Corollary 4.11, a new and purely algebraic proof
is given for this non-trivial result. Dually, a new result is also given
for the compactness of the maximal spectrum with respect to the flat
topology, see Theorem 4.5.
In Theorem 3.1, the patch closures are computed in a certain way.
This result plays a major role in proving Theorem 4.9. The noetheri-
aness of the prime spectrum with respect to the Zariski topology is also
characterized, see Theorem 5.1. It is worth mentioning that in [11] and
[14], one can find other nontrivial characterizations of noetherianness
of the prime spectrum.
2. Preliminaries
Here, we briefly recall some material which is needed in the sequel.
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In this paper, all of the rings are commutative. Every ring map
ϕ : A→ B induces a map ϕ∗ : Spec(B)→ Spec(A) between the corre-
sponding prime spectra which maps each prime ideal p of B into ϕ−1(p).
Mel Hochster in his seminal work [4, Proposition 8], discovered a
new spectral topology on the underlying set of a given spectral space
which behaves as the dual of the original topology. It is called the flat
(or, inverse) topology. In this paper, we need to express explicitly the
flat topology on the prime spectrum. Thus, let R be a commutative
ring. Then the collection of subsets V (f) = {p ∈ SpecR : f ∈ p}
with f ∈ R forms a sub-basis for the opens of the flat topology over
SpecR. Moreover, there is a (unique) topology over SpecR such that
the collection of subsets D(f) ∩ V (g) with f, g ∈ R forms a sub-basis
for the opens of this topology. It is called the patch (or, constructible)
topology. The patch topology is finer than the Zariski and flat topolo-
gies. Obviously, every map SpecB → SpecA induced by a ring map
A → B is continuous with respect to the flat topology. It is also con-
tinuous with respect to the patch topology. The flat topology behaves
as the dual of the Zariski topology. For instance, if p is a prime ideal
of R, then its closure with respect to the flat topology comes from the
canonical ring map R → Rp. In fact, Λ(p) = {q ∈ SpecR : q ⊆ p}.
Here, Λ(p) denotes the closure of {p} in SpecR with respect to the flat
topology. By contrast, the Zariski closure of this point comes from the
canonical ring map R→ R/p.
It is well known that the Zariski closed subsets of Spec(R) are pre-
cisely of the form Im pi∗ where pi : R→ R/I is the canonical ring map.
One can show that the patch closed subsets of Spec(R) are precisely
of the form Imϕ∗ where ϕ : R → A is a ring map. Moreover, the
flat closed subsets of Spec(R) are precisely of the form Imϕ∗ where
ϕ : R→ A is a flat ring map.
A ring R is said to be absolutely flat (or, von-Neumann regular)
if each R−module is R−flat. This is equivalent to the statement that
each element f ∈ R can be written as f = f 2g for some g ∈ R. Clearly,
absolutely flat rings are stable under taking quotients and localizations.
A direct product of rings (Ai) is absolutely flat if and only if each Ai is
absolutely flat. Every prime ideal of an absolutely flat ring is maximal
since an absolutely flat domain is a field. Every absolutely flat ring R
is reduced because for each f ∈ R and for each natural number n ≥ 2
there exists some g ∈ R such that f = fngn−1. A ring R is absolutely
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flat if and only if for each maximal ideal p of R, Rp is absolutely flat.
Let S be a subset of a ring R. The polynomial ring R[xs : s ∈
S] modulo I is denoted by S(−1)R where the ideal I is generated by
elements of the form sx2s−xs and s2xs−s with s ∈ S. The ring S(−1)R is
called the pointwise localization of R with respect to S. One can show
that the ring R(−1)R is absolutely flat. Clearly, η(s) = η(s)2(xs + I)
and xs+ I = η(s)(xs+ I)
2 where η : R→ S(−1)R is the canonical map
and the pair (S(−1)R, η) satisfies in the following universal property:
“for each such pair (A,ϕ), i.e., ϕ : R → A is a ring map and for each
s ∈ S there is some c ∈ A such that ϕ(s) = ϕ(s)2c and c = ϕ(s)c2, then
there exists a unique ring map ψ : S(−1)R→ A such that ϕ = ψ◦η”. It
follows that if ϕ : A→ B is a ring map, then by the universal property
there exists a unique ring map ϕ′ := ϕ(−1) : A(−1)A → B(−1)B such
that the following diagram is commutative:
A
ϕ
//
η1

B
η2

A(−1)A
ϕ′
// B(−1)B
where η1 and η2 are the canonical morphisms. The canonical ring map
η : R → S(−1)R induces a bijection between the corresponding prime
spectra and Ker η ⊆ N where N is the nil-radical of R. It is also easy
to see that if R is an absolutely flat ring, then the canonical ring map
η : R→ R(−1)R is an isomorphism. For more details, see [12].
Surjective ring maps are special cases of epimorphisms of rings. As
a specific example, the canonical ring map Z → Q is an epimorphism
of rings which is not surjective. Let R be a ring. Then there exists a
canonical injective flat epimorphism η : R → M(R) such that every
R−algebra whose structure morphism is an injective flat epimorphism
can be canonically embedded in M(R). The ring M(R) is called “the
maximal flat epimorphic extension of R”. For more details, see [8,
Proposition 3.4].
We shall freely use the above facts in this article.
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3. Patch Closures
In the following result, which we shall use later, the patch closures
are computed in a certain way.
Theorem 3.1. Let R be a ring and let E be a subset of Spec(R). Con-
sider the patch topology on Spec(R) and also consider the canonical
ring map pi : R → ∏
p∈E
κ(p), where κ(p) is the residue field of R at p.
Then cl(E) = Im pi∗ where cl(E) denotes the closure of E in Spec(R)
with respect to the patch topology.
Proof. For each prime ideal p ∈ E, the canonical map R→ κ(p) fac-
tors as R
pi
// A
sp
// κ(p) where A :=
∏
q∈E
κ(q) and sp is the canon-
ical projection. Let Jp := s
−1
p (0). Then clearly p = pi
−1(Jq). This
implies that cl(E) ⊆ Im pi∗. To prove the reverse inclusion we act as
follows. First, we show that cl(E ′) = Spec(A) where E ′ = {Jp : p ∈ E}.
Clearly the ring A is absolutely flat. Therefore, by [16, Theorem
3.3], the Zariski and patch topologies over Spec(A) are the same. Let
f = (fp)p∈E be a non-zero element of A. Thus there exists some p ∈ E
such that fp 6= 0. This implies that Jp ∈ D(f). Therefore, every
non-empty standard Zariski open of Spec(A) meets E ′. This means
that cl(E ′) = Spec(A). We have pi∗(E ′) = E ⊆ cl(E). It follows
that E ′ ⊆ (pi∗)−1(cl(E)). Thus, cl(E ′) ⊆ (pi∗)−1(cl(E)). Therefore,
Im pi∗ = pi∗
(
Spec(A)
)
= pi∗
(
cl(E ′)
) ⊆ cl(E). 
4. Minimal and maximal spectra
Lemma 4.1. Let p be a minimal prime of a ring R. If there is a
Zariski quasi-compact open U of Spec(R) such that p /∈ U , then there
exists an element f ∈ R \ p such that D(f) ∩ U = ∅.
Proof. There are finitely many elements g1, ..., gn ∈ R such that
U =
n⋃
i=1
D(gi). We have gi ∈ p for all i. It follows that the image of
gi under the canonical map R → Rp is nilpotent. Thus, there is an
element f ∈ R \ p and a natural number N such that fgNi = 0 for all
i. Then clearly D(f) ∩ U = ∅. 
ZARISKI COMPACTNESS OF MINIMAL SPECTRUM 5
Proposition 4.2. The minimal spectrum of a ring R with respect to
the Zariski topology is Hausdorff and totally disconnected. Moreover,
Min(R) ∩D(f) is a clopen subset of Min(R) for all f ∈ R.
Proof. It follows from the above Lemma. 
Lemma 4.3. Let m be a maximal ideal of a ring R. If there is a flat
quasi-compact open U of Spec(R) such that m /∈ U , then there exists
an element f ∈ m such that V (f) ∩ U = ∅.
Proof. There is an element g ∈ R such that U ⊆ V (g) and g /∈ m.
Thus there are elements a ∈ R and f ∈ m such that ag + f = 1.
Clearly, V (f) ∩ V (g) = ∅. 
As the dual of Proposition 4.2 we have the following proposition.
Proposition 4.4. The maximal spectrum of a ring R with respect
to the flat topology is Hausdorff and totally disconnected. Moreover,
Max(R) ∩ V (f) is a clopen subset of Max(R) for all f ∈ R.
Proof. It follows from the above Lemma. 
It is well known that the maximal spectrum of a ring is quasi-compact
with respect to the Zariski topology. Dually, its minimal spectrum is
quasi-compact with respect to the flat topology. But the minimal (re-
spectively maximal) spectrum of a ring is not necessarily quasi-compact
with respect to the Zariski (respectively flat) topology. As a specific
example, Max(Z) is not quasi-compact with respect to the flat topol-
ogy since the set of prime numbers is infinite. By [3, Theorem 6 and
Proposition 8], there exists a ring A whose prime ideals have precisely
the reverse order of the primes of Z and so Min(A) is homeomorphic
to Max(Z). Therefore Min(A) is not Zariski quasi-compact.
Theorem 4.5. The maximal spectrum of a ring R is compact with re-
spect to the flat topology if and only if R/J(R) is absolutely flat where
J(R) is the radical Jacobson of R.
Proof. If A := R/J(R) is absolutely flat, then Max(A) = Spec(A).
Therefore, the image of the map Spec(A) → Spec(R) induced by the
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canonical map R → A is equal to Max(R). Hence, Max(R) is quasi-
compact. Conversely, let f ∈ R \ J(R). Let m be a maximal ideal of
R such that f /∈ m. Then there are elements a ∈ R and c ∈ m such
that 1 = af + c. Now by applying the quasi-compactness of Max(R)
then we may find a finite number of elements a1, ..., an and c1, ..., cn of
R such that Max(R) ⊆ V(f) ∪ (
n⋃
i=1
V(ci)
)
and 1 = aif + ci for all i.
This implies that fc1...cn ∈ J(R) and 1 = bf + c1...cn for some b ∈ R.
It follows that f−bf 2 ∈ J(R). Therefore, R/J(R) is absolutely flat. 
Theorem 4.5 implies that Max(R) is compact in the flat topology iff
R/J(R) has Krull dimension zero.
In order to establish the dual of Theorem 4.5, the following results
are required.
Lemma 4.6. Let R ⊆ S be an extension of rings with R absolutely flat
then S is R−faithfully flat.
Proof. If m is a maximal ideal of R, then it is a minimal prime of
R. So there exists a (minimal) prime p of S lying over it. It follows
that mS ⊆ p 6= S. Hence, S is R−faithfully flat. 
Lemma 4.7. Every injective flat ring map ϕ : R → A with A abso-
lutely flat factors through an injective flat epimorphism ψ : R → B
followed be the canonical injection i : B → A such that B is absolutely
flat.
Proof. Consider the following commutative diagram:
R
ϕ
//
η1

A
η2

R(−1)R
ϕ′
// A(−1)A
where R(−1)R and A(−1)A are the pointwise localizations of R and
A, respectively. By the hypotheses, η2 is an isomorphism. Let θ :=
η−12 ◦ ϕ′ : R(−1)R → A also let B := Im θ which is an absolutely flat
ring since R(−1)R is absolutely flat. The map θ factors as i ◦ θ′ where
θ′ : R(−1)R→ B is the canonical surjection which is induced by θ. Let
ψ := θ′ ◦ η1 : R → B which is an epimorphism. By lemma 4.6, i is
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faithfully flat. Therefore, ψ is injective and flat since ϕ = i ◦ ψ. 
Lemma 4.8. Let ϕ : R→ A be a ring map such that for each prime q
of A, Aq is Rp-flat where p := ϕ
−1(q). Then A is R−flat.
Proof. It is an easy exercise. 
Theorem 4.9. [13, Proposition 1] If the minimal spectrum of a re-
duced ring R is Zariski compact, then the ring M(R), the maximal flat
epimorphic extension of R, is absolutely flat.
Proof. The minimal spectrum of R is a patch closed subset of
Spec(R). Because suppose there is some q ∈ cl(Min(R)) which is not
in Min(R). Then for each p ∈ Min(R) there exists some f ∈ q which is
not in p. By applying the quasi-compactness of Min(R) then we may
find finitely many elements f1, ..., fn ∈ q such that Min(R) ⊆
n⋃
i=1
D(fi).
Clearly
n⋂
i=1
V (fi) is a patch open neighbourhood of q. Therefore it meets
Min(R). But this is a contradiction. Thus, cl
(
Min(R)
)
= Min(R).
Let A :=
∏
p∈Min(R)
Rp. It is absolutely flat since Rp = κ(p) for all
p ∈ Min(R). By Theorem 3.1, Min(R) = Im pi∗ where pi : R → A is
the canonical map. Hence, by Lemma 4.8, pi is flat. It is also injec-
tive. Thus, by Lemma 4.7, there exists an injective flat epimorphism
ψ : R→ B such that B is absolutely flat. By [8, Proposition 3.4], there
is a (unique injective) ring map h : B → S such that η = h ◦ ψ where
S := M(R) and η : R → S is the canonical map. It follows that for
each prime q of S then p := η−1(q) is a minimal prime of R because B
is absolutely flat and every flat ring map has the going-down property.
The canonical map κ(p) = Rp → Rp ⊗R Sq ≃ Sq is a flat epimorphism
since flat maps and epimorphisms are stable under base change. It is
also faithfully flat since pS 6= S. Every faithfully flat epimorphism is
an isomorphism. Therefore, S is absolutely flat. 
Lemma 4.10. Let ϕ : R→ A be an injective flat ring map. If Min(A)
is Zariski compact then Min(R) is as well.
Proof. It p is a minimal prime of R, then there exists a mini-
mal prime of A lying over p since ϕ is injective. Therefore Min(R) ⊆
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ϕ∗
(
Min(A)
)
. Moreover, the inverse image of every minimal prime of A
under ϕ is a minimal prime of R since every flat ring map has the going-
down property. Therefore, ϕ∗
(
Min(A)
)
= Min(R). Hence Min(R) is
quasi-compact. 
Now as the dual of Theorem 4.5 we have the following corollary.
Corollary 4.11. [13, Proposition 1] The minimal spectrum of a ring
R is Zariski compact if and only if M(R/N) is absolutely flat where N
is the nil-radical of R.
Proof. The canonical map R → R/N induces a homeomorphism
between the corresponding prime spectra which maps Min(R/N) onto
Min(R). Then apply Theorem 4.9 for the implication “⇒” and Lemma
4.10 for the reverse. 
Corollary 4.12. The minimal spectrum of a ring R is Zariski compact
if and only if the total ring of fractions of the polynomial ring R[x] is
absolutely flat.
Proof. We may assume that R is a reduced ring. Then R[x] is
reduced and every minimal prime of it is of the form p[x] where p is a
minimal prime of R. Suppose Min(R[x]) ⊆ ⋃
i
D(fi) where fi ∈ R[x]
for all i. Then Min(R) ⊆ ⋃
i
D(ci) where ci is some coefficient of fi.
Thus, the compactness of the minimal spectrum of R is equivalent to
that of R[x]. Then apply Corollary 4.11 and the fact that the total
ring of fractions of the polynomial ring R[x] is canonically isomorphic
to M(R[x]). 
5. Noetherian property
Here, we give a characterization for noetherianess of the Zariski
topology in terms of the flat topology.
Theorem 5.1. The prime spectrum of a ring R is noetherian with re-
spect to the Zariski topology if and only if the flat opens of Spec(R) are
stable under the arbitrary intersections.
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Proof. First assume that Spec(R) is Zariski noetherian. If I is an
ideal of R then V (I) is a flat open, because U = Spec(R) \ V(I) is
Zariski quasi-compact and hence there exists a finite set {f1, ..., fn} of
elements of R such that U =
n⋃
i=1
D(fi). It follows that V(I) =
n⋂
i=1
V(fi).
To prove the assertion it suffices to show that the intersection of every
family of basis flat opens is flat open. The basis flat opens are precisely
of the form V (I) where I is a finitely generated ideal of R. Let {Iα}
be a family of ideals of R. If p ∈ ⋂
α
V(Iα) then clearly V(p) ⊆
⋂
α
V(Iα).
Therefore,
⋂
α
V(Iα) is flat open. To prove the reverse, it suffices to show
that every Zariski open U = Spec(R)\V(I) of Spec(R) is quasi-compact
where I is an ideal of R. But V (I) is flat open since V(I) =
⋂
f∈I
V(f).
It is also quasi-compact. Thus, there exists a finite set {I1, ..., Is} of
finitely generated ideals of R such that V(I) =
s⋃
k=1
V(Ik) = V(I1I2...Is).
Note that I1I2...Is = (f1, ..., fn) is a finitely generated ideal ofR. There-
fore,
√
I is equal to the radical of a finitely generated ideal of R. We
have then U = Spec(R) \ V(√I) = Spec(R) \
n⋂
i=1
V (fi) =
n⋃
i=1
D(fi). 
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